Abstract. We study bounded domains with certain smoothness conditions and the properties of their squeezing functions in order to prove that the domains are biholomorphic to the ball.
Introduction
Let Ω be a bounded domain in C n . For z ∈ Ω let f z : Ω → B(0, 1) be any 1-1 holomorphic map to the unit ball which maps z to the origin. Let S Ω,fz (z) = sup{r > 0; B(0, r) ⊂ f (Ω)}. We define the squeezing function S = S Ω : Ω → (0, 1] by setting S(z) = sup fz {S Ω,fz }. See [DGZ1] , [DGZ2] , [KZ] , [LSY1] , [LSY2] , [Ye] and references therein for results on the squeezing function.
In [FW] Fornaess and Wold proved the following estimate for strongly pseudoconvex domains with smooth boundary. Theorem 1.1. Let Ω be a bounded strongly pseudoconvex domain with C 4 boundary in C n . Then there exists a constant C > 0 so that the squeezing function S Ω (z) satisfies the estimate S Ω (z) ≥ 1 − Cd(z) on Ω where d(z) denotes the boundary distance.
Here we show that this estimate is sharp: Recall that the squeezing function of the unit ball is identically equal to 1. In fact if the squeezing function has the value one at at least one point, then the domain is known to be biholomorphic to the ball. Theorem 1.2. Let Ω be a bounded domain with C 2 boundary in C n . Suppose there does not exist a constant c > 0 so that the squeezing function S Ω (z) satisfies the estimate S Ω (z) ≤ 1 − cd(z) on Ω. Then Ω is biholomorphic to the ball.
In the second section, we prove Theorem 1.2. In the third section we show that the theorem fails for domains with only C 1 boundary.
Proof of the Theorem
Theorem 1.3 is equivalent to the following result:
Theorem 2.1. Let Ω be a bounded domain with C 2 boundary. Suppose there is a sequence of points p i approaching the boundary so that the squeezing function S(
Then Ω is biholomorphic to the ball.
Proof. Say 0 ∈ Ω. Let Φ i : Ω → B(0, 1) be 1-1 holomorphic maps so that Φ i (p i ) = 0 and the image contains the ball of radius S(p i ).
We collect some lemmas.
Lemma 2.2.
If Ω is a bounded domain with C 2 boundary, then there is a constant C so that the Kobayashi distance from 0 to p i satisfies the estimate
We prove this by choosing a curve from 0 to p i which ends as a straight normal line at p i . Then we compare the infinitesimal Kobayashi metric on Ω with the metric on the intersection with the complex normal line.
Recall the Kobayashi distance on the unit ball:
Proof.
Hence any path connecting 0 to Φ i (0) which passes through a point on the boundary of the ball B(0, 1 − d(p i )/e 2C is too long compared to the Kobayashi distance from 0 to Φ i (0).
We can assume that Φ
Then Ψ i is an automorphism of the unit ball and the map F i = Ψ i • Φ i is a 1-1 holomorphic map on Ω into the unit ball which maps 0 to 0.
Proof. We know that
To prove the lemma it suffices to prove that if
Corollary 2.6. S(0) = 1 Corollary 2.7. Ω is biholomorphic to the unit ball.
An example
Let Ω ′ be a C ∞ domain in the right half plane where the boundary contains an interval (−i, i) on the imaginary axis and which is a topological annulus. We define Ω = Φ(Ω ′ ) there Φ(z) = z log z. The squeezing function on Ω ′ satisfies the estimate S(z) ≥ 1 − Cd(z) since Ω ′ is strongly pseudoconvex. The squeezing function is a biholomorphic invariant and the derivative of Φ goes to zero when we approach the origin. Hence the squeezing function of Ω will not satisfy the estimate S Ω ≤ 1 − cd for any c > 0. However, the domain is a toplogical annulus so cannot be biholomorphic to the ball. This shows that Theorem 1.2 fails if we only assume that the boundary is C 1 .
